APPENDICES
18.1. My journey.
I look upon mathematics not merely as a
language, an art, and a science, but as a
branch of philosophy, and regard the
forms of reasoning which it embodies
and enshrines as amongst the most
valuable possessions of the human mind.
– James Sylvester
Mathematical works, vol. IV,
Lectures on the theory of reciprocants,
Lecture XXVII.
Two ways of looking at life, not necessarily mutually exclusive, are presented to us. The first
is to treat it as an experience, and the second as a project.
Confronted with the finiteness of the human condition, what is to remain of our presence
here? When self crumbles to dust, is our best achievement one of fame? But what is a name
except a series of letters? I do not wish, out of choice, to leave a name for posterity, but ideas.
Ideas can be outside of ourselves, they may correspond to the nature of the world, and it is
possible to realise that we can be a detective in their discovery. If these remain, I shall have
achieved something.
Someone once said in New Music Brighton, a composer’s collective, that you do not have to
be a great composer, all you have to be is yourself. So for the project which I have chosen,
how can I organise my activities, whilst remaining true to the idea that in learning from the
methods of those discoverers in science I hold in esteem, I still am and have to be myself?
In order to have a project, it is necessary to have goals. These are often subverted, but without
a plan of action no random activity is likely to achieve significant objectives. I defined my
objectives to become a thinker in theories of science and in philosophy at the age of 15. A
career intervened, but our society does not recognise that people can be productive after the
age of 50, so I have been presented with the fact that I can design my own activities, with
enough income to do this, without interference from authority to work out my days in the
commercial economy.
For these projects I have embraced, what comes naturally to me but not always to others is
long-range planning and persistence to the point of obduracy in reaching goals. Many men
and women are more intelligent than I am, but to complete a project intelligence is not always
necessary. Anyway, I do not want to be thought of as superman, which to people who know
me is a ridiculous idea; the existence of superman is always a lie, and people should watch
out if it is ever claimed.
The project I have planned for the next three years, part of a project in mid-flow spanning the
previous nine years, having completed an eBook The climate and energy emergencies, on
The Assayer free eBook website also Innovation in mathematics, and this eBook, is to
produce the mathematics eBook Number, space and logic, and with Graham Ennis the
physics eBook New physics.
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I have found that to complete research, quiet is useful, together with varied venues, and to
have access to the literature when it is required.
In this process, the heresies I have discovered and promote trample rather severely on a large
number of collective toes.
From the development of many ideas in this work, I have become aware that a feature of
human thought is that collective understandings have taken precedence over independent
analysis, and that once by historical processes an idea is embedded in the curriculum, it is
very difficult to dislodge. Someone has remarked that my problems are not mathematical,
they are political and social – organisations can claim authority for reasons of dogma. But my
purpose is not to initiate a revolution, which is a consequence, rather I want to help the reader
to understand the truth. If I am in error, so be it; the reader who can reason can determine the
truth or falsity of what I say, however if errors have been made in collective understanding of
what the subject is about, we are all human, but we must put things right.
After the research, my project is to promote the works of which this is one using social
media, translation to other languages, teaching and a changeover to more practical activities.
This is my intention. I await to see how or if it is subverted.
I thought that my voyage had come to its
end at the last limit of my power, – that the
path before me was closed, that provisions
were exhausted and the time come to take
shelter in a silent obscurity.
But I find that thy will knows no end in me.
And when old words die out on the tongue,
new melodies break forth from the heart;
and where the old tracks are lost, new
country is revealed with its wonders.
– Rabindranath Tagore
Gitanjali, Song Offerings, 37.

18.2. Mathematical history.
Intricate numbers are more usually given the name split-quaternions or coquaternions. They
were introduced by James Cockle in 1849 under the latter name in the London-EdinburghDublin Philosophical Magazine.
Weber in Lehrbuch der Algebra [1895] employed the matrix

frequently, but appears

not to identify it with the imaginary number i. In the 1920’s Noether and E. Brauer [No83]
gave a matrix representation of the quaternions, which contain the complex numbers as a
subalgebra. The matrix representation of complex numbers is mentioned by Remmert in the
popular book Numbers [Eb91].
Many writers employ 2 × 2 matrices not in the same representation as the intricate one, such
as Frobenius [Fr73], Serre [Se03], Jacquet and Langlands [1JL70], [2La80] and Silverman
and Tate [ST92]. Gelbart [Ge75], [Ge76] used effectively intricate numbers in computations
in the 1970’s.
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I introduced the term intricate number in 2008 to describe associative division algebras and
extensions of Galois theory to matrix variables in a form extending the complex numbers,
and therefore with a similar name. The hyperintricate representation may have been initiated
in 2008.
These were used to prove for associative divisions algebras, which are described by matrices,
that up to isomorphism the most general are the quaternions, of dimension 4. The existence of
Wedderburn’s little theorem, that every finite division ring is commutative, considerably
surprised me, so that I decided to prove it by my own methods. It was only later that I looked
at combining these two ideas together to see whether it was possible to prove the Feit
Thompson theorem, that every nonabelian simple group is of even order.
It has interested me for many decades that the number of nonassociative division algebras is
limited to the octonions up to isomorphism. The 10-novanion algebra came to me in seeking
a proof of this fact. Initially I thought I had a counterexample, and this generated some
interest, but Doly García came up with her own counterexample to what I was saying, and I
realised that a calculation I had done had improperly skipped the details for the ‘a = 0’ case,
but was otherwise OK. This has fascinated me further, since it is possible to describe physics
as a state at a time t = 0 which does not conserve number, but for which at all other scalar
time variables, number is conserved. These are the features of a novanion algebra. The idea
that the novanion algebra could be used in physics arose from a conversation with Daniel
Hajas, a first year physics student at the University of Sussex, who suggested the n = 10 case
of the novanions could be linked with the 10 dimensional heterotic string. This led me to look
for an n = 26 dimensional case for bosonic strings, and this was found, but not in the way I
originally expected.
The discussion on ladder numbers is a development of the eBook Innovation in mathematics.
The theory was developed in response to questions by Tim Gibbs, and I decided to articulate
disquiet that I felt about the consistency of the real number system. The resulting theories met
with considerable resistance, since one of them violates current understandings. I have tried
to explain in great detail an exposition of these ideas. It is true that ℕℕ ≡ ℕ and representable
infinitesimals are not accepted by Doly García, and that I have kept my stance in what I have
to present. On the first point, the proof does not fall down because of indistinguishable copies
of ℕ, and on the second, arithmetic has the same consistency as arithmetic with representable
infinitesimals. If what one is saying is not accepted, I think it is necessary to keep integrity
and state a sound belief that all objections have been dealt with satisfactorily. A positive
consequence of this critique is that I have had to respond to the demand of proving the
consistency of all statements I make. This issue has been addressed in chapter XIV, with the
result that the frontiers of my own knowledge and those of the mathematical community have
been pushed back, with interesting new conclusions.
Discussing the quintic equation and its unsolvability by Galois theory, G.B. Mathews in
[1Ma30] has said that Jerrard was the last disputant. No blame should be apportioned to 19th
century mathematicians in the adoption of Galois theory, which had met with few theoretical
or practical obstructions. Wedderburn’s proof of his little theorem in 1905 that finite division
rings are commutative should have indicated that solvability in the case of rings needed
further investigation. Up to the present day this has remained a muted concern, but a question
arises whether conformity to an embedded feature of the curriculum has inhibited free
enquiry. That the solvability question could be resolved in part using the theory of varieties
developed amongst others by Hilbert seems not to have been voiced, possibly because the
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theory of groups had displaced other explanations. Amongst contemporary mathematicians, I
am aware only of J. S. Milne who notes in a more general setting a mismatch between the
groups of Galois theory and those of varieties. Looking back at my work on the subject,
leading in chapters VIII to X to the deconstruction of Galois theory, its reformulation as a
theory of varieties and the attempt at the sextic by comparison methods in chapter XI, I find it
difficult to understand why I have been so obsessed with a project on deconstructing a theory
which has been almost universally accepted. This is not rational activity, it is intuitive.
Personally, my deconstruction of Galois solvability theory has met obstacles, presented in the
following dialogue derived from the content of several conversations.
R.G.: Have you read Artin’s book on Galois theory?
Jim: Three or four times. I have read about forty books on Galois theory, and I do not
understand any of them.
R.G.: That is about the maximum number of books on the subject. von Neumann claimed: “in
mathematics you don’t understand things. You just get used to them”. Do the exercises!
Jim: Here, as sometimes elsewhere, I do not accept what von Neumann is saying. As you
know, in general I do not do unnecessary drill. There is a substitute here, however. I have
made between 5,000 and 10,000 pages of computations on the subject. My investigations
show that the theory of inseparable extensions is a subcase of the theory of dependent roots I
have developed, that, as is well known, there are matrix solutions of complex polynomials of
arbitrary degree, which directly contradicts Galois theory, and that ring automorphisms,
which is the correct way of describing complex transformations of polynomial equations in
additive format, the fact being that in multiplicative format the polynomial is already solved,
these automorphisms are involutions in pairs of roots which do not leave other roots intact,
and so cannot be described by permutations, as is done in Galois theory. An end result of
Galois theory, that the general quintic and higher degree polynomials with complex solutions
are unsolvable by radicals, is found independently of Galois theory by looking at the theory
of varieties in a special case – killing central terms, and by an extension of this, but the Galois
group mapping to the theory of varieties cannot be saved. The disconnection of this mapping
means that large parts of mathematics, first developed by Ruffini, Galois, Jordan, Hölder,
Schreier and E. Artin, are wrong.
R.G.: Anyone making such claims is insane. Substantial portions of modern mathematics are
based on Galois theory, and practically every mathematician accepts it.
Jim: No. I am not disputing Galois representation theory, which is a distinct topic. It is a
general process of history that there are people who are comfortable in accepting the system,
and others in the pursuit of understandings which do not conform who suffer from it. A
general assumption is that we are prepared to admit that ideas of classical antiquity may be in
error, but we are not prepared to apply the same attributions to our own age. But the thesis I
wish to promote is that in three areas, the consistency of the real number system, decidability
and Galois theory, the mathematics of today is erroneous. These errors have persisted for well
over eighty years. No such analogous situation arose when the highest development in
geometry was the geometry of Euclid. We need to ask ourselves why.
The idea of Dw exponential algebras originates from my own work in the 1980’s, or rather
before, unfortunately in the middle of an examination. A possible application to the Riemann
hypothesis was communicated to me by the physicist David Bohm via a third party, Ebrahim
Baravi, a physics student at Sussex University with whom I had conversations on quantum
gravity, quantum thermodynamics and whether entropy was increasing or not in gravitational
interactions. David invited me to become his research assistant, but I thought that the fact that
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I had no University degree introduced complications, and I turned him down. David died of
cardiac arrest before an investigation of the Riemann conjecture could be properly developed.
I continued my work outside the academic system, not returning to the problem for over
thirty years. When w is a natural number these methods have turned out to be ineffective for
its solution, also for analytic continuation in ladder algebra, so we have looked at other ways
of extending standard theory.

18.3. The teaching of mathematics. [2We79].
The essence of creative mathematics is not just to replicate, but to reconstruct, deconstruct
and extend.
Students are sometimes marked on the production of results that are claimed valid by those
asking the questions. I believe this is the wrong approach. The student needs to articulate his
or her insight. When asked a question the correct approach is to look at the data, irrespective
of the result which entails. To solve a problem correctly may take far longer than the system
allows. The collective wisdom may be erroneous, and what is needed is the development of
persistent curiosity.
Edison claimed that invention is one percent inspiration and ninety nine percent perspiration;
Einstein claimed that insanity is doing the same thing over and over, getting the same result.
Results are rarely obtained on a first try, and the researcher needs to ask whether there are
resources to complete the task at the hundredth attempt. The student must become aware that
there are social barriers to what can and cannot be investigated, that it takes courage to ignore
them, that results cannot usually be obtained without persistence, nor great results without
persistence verging on insanity.
The reader may judge how far I have reached my own standards. Examples should be
provided to give meaning to theorems and the trajectory of the development of a proof should
be discussed before it is initiated. Knowledge of why a proof is in the form it is presented is
as important as how the proof is constructed. The context and significance of a proof should
be addressed. ‘Transparent brain syndrome’, where the writer assumes the reader knows what
the writer is thinking about without explaining it, should be weeded out.
Although I think examples should come before generalities, that it is better to build up in
stages rather than present a full-blown theory all at once, and that an understanding of the
history of a mathematical idea is often useful, André Weil makes some good points in this
viewpoint to the Indian Mathematical Society in 1931.
(1) The study of mathematics, as well as of any other science, consists of the acquisition of
useful reflexes and independent habits of thought. The acquisition of useful reflexes should
never be separated from the perception of their usefulness.
It follows that problem-solving should never be practiced for its own sake, and particularly
tricky problems must be excluded altogether. The purpose of problems is twofold: either to
drill the student in the application of some method of special importance, or to develop his
originality by guiding him along some new path. Drill is essentially a school-method, and
ought to become unnecessary in the final stages of University teaching.
(2) Rigour is to the mathematician what morality is to man. It does not consist in proving
everything, but in maintaining a sharp distinction between what is assumed and what is
proved, and in endeavouring to assume as little as possible at every stage.
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The student should therefore be gradually accustomed, by means of startling examples, to
question the truth of every unproved proposition, until at least he is able to deduce from the
ordinary axioms everything he has learnt.
(3) Knowledge of a proof means the understanding of its machinery and the ability to
reconstruct it. This implies
(i) perfect correctness in the definitions,
(ii) a faculty of connecting with the general ideas underlying it,
(iii) a perception of the logical nature of any proof.
The teacher should therefore follow, not the quickest nor even the most elegant method, but
the method which is related to the most general principles. He should also point out
everywhere the relation between the various elements of the hypothesis and conclusion.
Students must be accustomed to draw a sharp distinction between premises and conclusion,
between necessary and sufficient conditions, and between a theorem and its converse.
(4) The teaching of mathematics must be a source of intellectual excitement. This can be
achieved, at the higher stages, by taking the student to the brink of the unknown, and at
earlier stages by making him solve for himself questions of theoretical or practical
importance.
This is the method followed in the “seminars” of the German Universities, first organised by
Jacobi a century ago, and even now the most prominent feature of the German system.
Division of labour between students in the study of a given group of questions is a common
practice in these seminars, and proves to be a powerful incentive to work.

18.4. Communicating mathematical research.
Mathematics, as well as being a social system, after selection of an axiom system and its rules
of deduction, concerns itself with universal truths whose validity is beyond human direction
or control.
Stated simply, it is not possible to be human and not make mistakes. We have to admit that
the founders of our subject, on whom all subsequent work has been based, are prone to
embarrassing error, and sometimes not infrequently. James Sylvester once admitted that his
mathematical work was occasionally in error, and pointed out that the choice was between
allowing others to correct his work or submitting severely curtailed output. The mathematical
superstar Henri Poincaré had to submit five supplements to correct his work which became
the foundations of homology theory.
Mathematics of the present day can pursue two strategies in the face of the complexity of the
results of investigation. One is the abstract approach, where lives the hope that problems may
be solved without, on the face of it, employing much computation. This is a stream started
most notably by Hilbert, to whom the previous paragraph applies, and its manifestations
continue today. The second is the use of brute force modulated by human intelligence. By the
means of computer software previous areas of investigation which had to apply the abstract
approach to maintain progress, became amenable to massive calculation. For instance, it is
probably only for reasons of history that the incidence matrix approach to homology theory,
now mainly forgotten, is not reinstated as a computationally easy and direct method.
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It may be felt that the peer review system now adequately protects mathematics from the
mistakes of its forebears. Ironically Riemann’s work ‘On the number of primes less than a
given magnitude’ would nowadays not have passed the peer review process in the form
which it is presented to us.
Mathematicians, like no other, are as a whole strongly aware of the necessity of avoiding
error, and many would say of absolutely avoiding it. Yet there is much work in the current
era, whilst bypassing (not always) the pitfalls of linguistic sociology or literary criticism, that
falls short of what is desirable.
The system itself is at fault, not only in the rapacious actions of the publisher Reed Elsevier,
but also because the peer review process will often resist publication of a result unless its text
intimidates the referee. A system which rejects work that is too simple, and accepts the same
results when the paper (usually salami-sliced) is rewritten in more technical and elevated
language is not acting correctly. Further, some rigid criterions allow the use of other work
that is peer reviewed. It is then possible for an article to use a large number of peer reviewed
sources, the probability in each of which there remain errors is not zero, and just as frequently
a writer will misstate the conditions under which quoted theorems are said to hold.
The peer review service may stumble in other ways. An overly abstract and intimidating style
to a mathematical subject should raise suspicion, but is not of itself a proof of insecure
foundations. Some ‘abstract mathematical nonsense’ is developed within a number of leading
institutions. Moreover, there seems to be a whole industry converting classical results from
the nineteenth century into homological and homotopical form where their origin and
significance are obscured. As a separate issue, I would like to indicate my opinion of the
work of Nathan Jacobson (1910 – 1999, who taught at Yale from 1947 and was president of
the AMS 1971 – 1973). It follows from the work of Gentzen that all proofs may be put in the
form of a tree, where the top of the tree contains the assumptions of the proof, and the root
contains the conclusion. So far as I can gather, all proofs by Jacobson contain internal loops,
that is, they cannot be reduced to tree form. It may happen that a proof branches off into other
proofs which themselves contain circuits, or nodes which are ambiguous or absent. Thus it
appears that whereas Jacobson’s work contains many true theorems (and a few false ones),
the proofs are invalid.
The system can inhibit work that is critical of its output. Cumulatively, and despite the wide
availability of many accessible sources of information, the result is that the technical
mathematical literature is blocked to an audience that does not have access to purchase its
information or the means to see through its elevated language to the true content of which it
speaks. As a consequence mathematics and other sciences have become alienated from the
general population, and except for the work of a number of academics who explain
technicalities rather than hide behind them, its modern and detailed truths are sometimes
unknown and unavailable to the citizen outside a closed system. We can raise the question as
to whether mathematics in its establishment form, as a discipline of knowledge, truth and
unfettered investigation, as a percentage of the ever increasing number of mathematicians
contributing to the subject, is in these ways in decline.
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ANSWERS TO EXERCISES
I have provided answers to questions where I know them, but I have not investigated all
aspects of the subject. So where there are no answers given, you, the reader, are invited to
become a researcher and a creator of your own theories.
Chapter I.
(A) Check
.
(B) Find a way to memorise the intricate basis element equations (1) of section 1.6.
If we order the intricate basis as
1, i, α, ϕ,
then 1 × anything commutes. For i, α and ϕ, any product of two of these intricate numbers
anticommutes, for example
iα = -αi.
To look at the different products of i, α and ϕ, taken in that order, the only pair which gives a
minus sign is iα = -ϕ.
What are the values of i2, α2 and ϕ2?
(C) Define triticate numbers by the following basis elements ( is a third root of unity = e2i/3
= cos (2/3) + i sin (2/3), where 3 = 1).
,

,

,

,

,

,

,

,

.

Show this basis is linearly independent.
The numbers 1, ω, and ω2 are not linearly independent, because, using the representation
from trigonometry
i,
(how can you prove this?), we have
1 + ω + ω2 = 0.
The definition of linear independence is given in chapter I, section 3, where for linear
dependence in the example there have to be three numbers a, b and c, not all zero so that
a1 + bω + cω2 = 0.
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Nevertheless, for intricate numbers, although 1 and -1 are linearly dependent, the basis
and

is linearly independent, and -1 is a square root of unity. Thus a linearly independent basis can
be built out of the numbers
and

.

We can carry this over to the basis in
+

+

.

Multiplying the first matrix by a, the second by b and the third by c, and setting the sum to
zero, gives three linear equations which cannot be satisfied unless a, b and c = 0.
(D) Are there any other representations like the above using cube roots of unity that you can
construct?
(E) Develop the theory of triticate numbers by analogy or otherwise with the treatment of
intricate numbers.
(F) Are there other representations, say for penticate numbers for prime p = 5, other prime
numbers, and composite numbers (a product of primes)?
(D) – (F) The first row in the definition of triticate numbers is of the form
the first item, this is

. Under matrix multiplication this represents an identity

permutation under composition of permutations,

The matrix
permutation

. Choose

.

represents the permutation

, and the matrix

the

. On the same ordered set of elements, these cyclic permutations are

abelian (look up definitions of cyclic and abelian if you do not understand these). But this is
not all permutations of a 3 × 3 matrix. For instance

is a permutation, but it is not

cyclic on three elements (it is cyclic on two elements).
We now introduce two ideas. The first is to convert matrices from the diagonal related form,
say

to antidiagonal form

. Clearly this mapping, U, is an involution

(because U2 = 1 we obtain the original matrix, so this squaring mapping gives the identity).
Now instead of having nine different elements of the triticate representation of complex
numbers in the exercise on chapter I (B), we have double that – eighteen.
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The second is that a cyclic permutation, say
say

together with a twist of two elements,

, generates all permutations of three elements (the first generates, on its own,

all cyclic permutations).
I want to ask a question. If we take the antidiagonal of a cyclic generator, that is,
do we, with the diagonal and antidiagonal components always have for any polyticate number
a set of group generators? Now if you wish, generate your own theories. In particular, I ask:
what is the relationship between the nine elements of the first set of triticate numbers, the
second extended set of 18 elements, and the fact that they use complex numbers, which have
two components, a real and an imaginary part? If you have any conclusions, can they be
generalised?
(G) Look up the class number on the internet (the book by Conway and Guy, The book of
numbers [1CG00], is also a good reference). What sort of divisors of these numbers (we
might call them polyticate numbers) are there?
Chapter II.
(A) Obtain the inverse of the J-abelian number
(a1 + b + cϕ)(b1 + di + c ,
using intricate conjugates.
The intricate conjugate of a1 + b + cϕ is a1 – b – cϕ, and of b1 + di + c is b1 – di – c .
Using the property of J-abelian numbers that EFGH = (EG)(FH), we find
(a1 + b + cϕ)(b1 + di + c (a1 – b – cϕ)(b1 – di – c
= (a2 – b2 – c2)1(b2 + d2 – c2)1,
and since the top and bottom layers are both scalars
= (a2 – b2 – c2) (b2 + d2 – c2)11.
Thus to find EFGH = 11, GH is the inverse of EF, so that the inverse of
(a1 + b + cϕ)(b1 + di + c
is
[(a2 – b2 – c2) (b2 + d2 – c2)]-1(a1 – b – cϕ)(b1 – di – c .
(B) Using example (A), what is its determinant by this method? Check that it corresponds
with the determinant of section 15, equation (3).
The block representation of (a1 + b + cϕ)(b1 + di + c given in section 2.15 is
,
and its determinant by equation (3), which can also be obtained using equation (2) of section
2.15 is
(det A)(det D),
so using the determinant formula for an intricate number from chapter I, section 1.6, this is
(a2 – b2 – c2) (b2 + d2 – c2).
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(C) A 4  4 companion matrix is defined as
-

.

Show that the determinant
is given by
g(x) = a0 + a1x + a2x2 + a3x3 + x4.
By equation (2) of 2.15
= (det A′)(det(D′ – C′A′-1B′)),

det
where in this case

,
,
,
,
so that
,
giving with a bit of work
det(D′ – C′A′-1B′)

,

which directly implies the result.
Chapter III.
(A) Show that a quaternion represented in section 3.7 by a11 + bi1 + ci + di has
determinant [a2 + b2 + c2 + d2]2, where this is the square of the denominator in the equation
for the inverse 3.7.(2).
The determinant of a quaternion
a11 + bi1 + ci + di
is given by
-

-

,
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which by formula 2.8.(2) may be expanded out in terms of the elements of the first row to
a
,
so that continuing these row expansions with determinants of 3  3 matrices, we get
a[a(a2 + c2) + d(da – cb) + b(dc + ab)]
– c[-c(a2 + c2) + d(-ba – cd) + b(-bc + ad)]
+ b[-c(da – cb) – a(-ba – cd) + b(b2 + d2)]
– d[-c(dc + ab) – a(-bc + ad) – d(b2 + d2)]
= [a4 + b4 + c4 + d4 + 2a2b2 + 2a2c2 + 2a2d2 + 2b2c2 + 2b2d2 + 2c2d2]
= [a2 + b2 + c2 + d2]2.
Chapter IV.
(A) Let X and Y be symmetric matrices and A and B be antisymmetric matrices. Show
(X + A)(Y + B) + (X – A)(Y + B) + (X + A)(Y – B) + (X – A)(Y – B) = 4XY,
(X + A)(Y + B) + (X – A)(Y + B) – (X + A)(Y – B) – (X – A)(Y – B) = 4XB,
(X + A)(Y + B) – (X – A)(Y + B) + (X + A)(Y – B) – (X – A)(Y – B) = 4AY,
(X + A)(Y + B) – (X – A)(Y + B) – (X + A)(Y – B) + (X – A)(Y – B) = 4AB.
Express the above relations in terms of the transposes (A + Y)T and (Y + B)T.
For a typical example
(X + A)(Y + B) + (X + A)T(Y + B) + (X + A)(Y + B)T + (X + A)T(Y + B)T = 4XY.
Reformulate these in terms of the matrix product, the left matrix product and transposes.
(X + A)(Y + B) + (X + A)LT(Y + B)
+ [(Y + B)LT(X + A)]T + [(Y + B)(X + A)]T = 4XY, etc.
(B) Using a 2 × 2 matrix in its intricate representation or otherwise, show that the product of
two symmetric matrices is not necessarily symmetric.
Consider the symmetric matrix
a1 + c + d.
In general
(a1 + c + d)(a′1 + c′ + d′)
= (aa′ + cc′ + dd′)1 + (cd′ – c′d)i + (ac′ + a′c) + (ad′ + a′d)
(aa′ + cc′ + dd′)1 – (cd′ – c′d)i + (ac′ + a′c) + (ad′ + a′d)
= (a′1 + c′ + d′)(a1 + c + d).
(C) Prove the Jacobi identity
[[A, B], C] + [[B, C], A] + [[C, A], B] = 0.
The definition of [A, B] is AB – BA, so
[[A, B], C] = ((AB – BA)C – C(AB – BA))
= ABC – BAC – CAB + CBA.
It follows that
[[A, B], C] + [[B, C], A] + [[C, A], B] = (ABC – BAC – CAB + CBA)
+ (BCA – ABC – CBA + ACB) + (CAB – BCA – ACB + BAC) = 0.
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Chapter V.
(A) This exercise is computationally exhausting on paper. An equation-solver might be more
efficient. In equations (6) to (15) of section 4, put a = p = 0, b = b, c = d = b′ = 1, c′ = d′ = b″
= c″ = d″ = 0. Including the value of b, what is the solution of equation (5)?
The result could be determined by working collectively in your group, which for life is more
useful to know than just solving problems.
Chapter VI.
(A) What is (s) when s is prime?
From the definition


,

with s the product of primes p, q, ... r, to powers j, k, ... m respectively, so

.
(B) Assume for natural numbers n, s ∊ ℕ that
(s)[y(s)+1 – y]  0 (mod s).

(1)

Prove by induction that
(s)[yn(s)+1 – y]  0 (mod s).

(2)

By induction we mean, prove a suitable starting example (say n = 1), assume (2) holds for n,
and then prove for (n + 1).
Note that you cannot assume if (1) holds that either (s)[y] = 0 or y(s) – 1  0 (mod s), since
say for (mod 6), 2  3 = 0, but 2 ≠ 0 (mod 6) and 3 ≠ 0 (mod 6). However, you could make
such an assumption when s is prime.
Equation (2) above holds for n = 1, which corresponds with (1), so that
(s) yn(s)[y(s)+1 – y]  0 (mod s),
and adding (2) and (3) provides the proof by induction for n + 1.

(3)

(C) Show for a matrix W with a symmetric part U and an antisymmetric part V, giving
W = U + V,
that, say, a trailing layer of p1 + q + r can be applied to U which keeps its symmetric state,
and a trailing layer of ti can be appended to V which makes the matrix also symmetric.
A matrix is symmetric if and only if its basis elements are symmetric. We saw in chapter II,
section 5, that a symmetric matrix has an even number of i’s in all basis elements, and an
antisymmetric matrix has an odd number of i’s in all basis elements.
Using the results indicated above from chapter XI, show that there exists an orthogonal
matrix Q (so that the transpose QT = Q-1) with
(s)Q[(Up1 + q + r + Vti)n(s)+1 – (Up1 + q + r + Vti)]Q-1  0 (mod s),
provided Q and thus Q-1 are expressible (mod s).
The result follows from chapter XI, section 2, on Sylvester’s law of inertia for symmetric
matrices. Q-1 exists, which has whole number entries (mod s) – note that rational numbers are
integers (mod p), and this is in QT, by definition of an orthogonal matrix.
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Chapter VII.
(A) Using the strict transfer principle, show
Σall n ∊ ℕ (n) = ½ ℕ( ℕ + 1)
and
Πall n ∊ ℕ (n) = ℕ!
This follows on applying the strict transfer principle to
,
since
2S = [1 + 2 + ... + n] + [n + (n – 1) + ... + 1],
and the sums in pairs (1 + n), (2 + (n – 1)), ... (n + 1) all have value (n + 1).
Likewise we apply the strict transfer principle to the factorial function defined as
1.2. ... .n = n!
Chapter X.
(A) Let

be the fifth root of unity. Show that the mappings
3
⟷
5
5
2
4
5 ⟷
5
1⟷1
do not collectively form an automorphism.
5

Automorphisms of complex numbers are reflections on imaginary symbols. Collectively, they
are of the same type.
5
5

2

1
5

3

The mapping 1 → 1 is a horizontal
reflection. The horizontal reflection
of 52 is 53 and of 5 is 54, and
this is unique.

4
5

(B) Show that a complex ring automorphism splits a pair of solutions into a ‘real’ part with
the same properties as if it were real, and a ‘complex’ part with the same properties as if it
were complex.
Let symbols a and b be treated as real (the extension to complex numbers is not difficult). Let
z2 + az + b = 0.
(1)
Put
z = x + iy,
(2)
then
x2 – y2 + ax + b + 2yxi + axi = 0,
(3)
so under the automorphism i → -i
x2 – y2 + ax + b – 2yxi – axi = 0,
(4)
and adding (3) and (4)
x2 – y2 + ax + b = 0,
(5)
whereas subtracting (3) from (4) gives
2yxi + axi = 0,
(6)
which is the same result as equating real and imaginary parts.
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Show that a complex polynomial equation can be separated out into ‘real’ and ‘complex’
equations, which we have described as equating real and complex parts, so that there is a
solution to a polynomial equation using ring automorphisms if and only if there is a solution
equating real and complex parts. You need to prove a two-way implication here.
Consider isolated automorphisms. The proof above is generalised in a straightforward way.
For each stage in the proof we can say the result follows if and only if the previous stage
holds.
Chapter XI.
(A) In equation 11.5.(13) for the quintic variety, we have so far only considered linear
substitutions of variables. For the nonlinear allocation
y = x4 + rx3 + sx2 + tx + u,
on putting the linear substitutions
y = w + g,
x = w + h,
show that this is solvable, and thus in this case the nonlinear allocation reduces to a linear
one.
The result of the substitution is a quartic in w, which we know from the results of chapter
VIII, section 5, has a solution by radicals in multiplicative format. These four solutions are
each in linear form.
(B) Let
x3 + Kx2 + Lx + M = 0,
(1)
adjoin by multiplication the root
(x + n) = 0.
(2)
Show by equating coefficients that there is no general such quartic polynomial equation with
the result available by an inductive procedure equivalent to the solvable equation
(x2 + px + q)2 + a(x2 + px + q) + b = 0.
(3)
If (1) and (2) hold then
x4 + (K + n)x3 + (Kn + L)x2 + (Ln + m)x + Mn = 0.
Equation (3) is
x4 + 2px3 + (2q + p2 + a)x2 + p(2q + a)x + q2 +qa + b = 0.
Hence on equating coefficients
K + n = 2p
Kn + L = 2q + p2 + a
Ln + M = p(2q + a)
Mn = q2 +qa + b,
giving
n = 2p – K,
and finally the cubic equation
p[K(2p – K) + l] = L(2p – K) + M + p3,
so there is no inductive technique to obtain p.
(C) & (D). These are a series of questions. The reader is asked to follow long computations.
For (C), there is a ‘miraculous’ cancellation, which it is very likely would not happen if the
computation was incorrect, and for which I cannot see must follow other than from other
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arguments in the same chapter showing that the quintic is not solvable by radicals. If the
reader can spot another reason for this, I think it would be interesting. For (D) I believe the
calculation is correct.
Chapter XII.
(A) Show the following logical operations are equivalence relations described in chapter III,
section 3: AND, OR and ⇔, using ⇔ for IF and only IF (the truth table for which is given in
section 10).
An equivalence relation ≡ satisfies
m≡m
if m ≡ n then n ≡ m
if m ≡ n and n ≡ p then m ≡ p.
When ≡ is AND, this is only true for m and n when m is true and n is true. So if the subset of
m, n and p referred to has the value true, AND is an equivalence relation, otherwise AND has
the value false and again is an equivalence relation.
OR is only false for m and n when m is false and n is false. So if the subset of m, n and p
referred to is false, OR is an equivalence relation, otherwise OR is true and again is an
equivalence relation.
For ⇔, this is only true when m and n have the same truth values, otherwise it is false, and
the same type of thinking applies.
(B) For statements A and B, A implies B is written A ⇒ B and is only false when A is true
and B is false. Using truth tables or otherwise, show A ⇒ B is the same as (NOT A) OR B,
and (A AND B) ⇔ A.
A⇒B
T
T
F
T

(A AND B) ⇔ A
T
T
F
T

(A AND B)
T
F
F
F

(NOT A) OR B
T
T
F
T

NOT A
F
T
F
T

A
T
F
T
F

B
T
T
F
F

We transform a statement A to a set A′ through the identification of A with a ∊ A′. What are
the corresponding Venn diagrams for ‘implies’ in sets? See the Prologue for a description of
Venn diagrams, or look at the internet.

B
A
In the diagram above, shaded = true, unshaded = false for ‘implies’
(x ∊ A) ⇒ ∊ B).
(C) Show ⇒ defines a partial order of definition 11.7.2, (which is repeated in chapter III
section 5).
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Check A ⇒ A,
if (A ⇒ B) & (B ⇒ A) then (A ⇔ B),
if (A ⇒ B) & (B ⇒ C) then (A ⇒ C).
(D) Can you describe ‘includes’ as a Venn diagram? What is its corresponding mapping back
to symbolic logic? Is this a partial order? Is the Venn diagram for (B) different from or just
an extension of the Venn diagram for includes?
A

B
diagram for A is included in B
Includes satisfies if A does not include B then
(x does not belong to A) AND (x belongs to B),
and thus is the diagram for ⇒.
(E) A is sufficient for B means A implies B. A is necessary for B means A is implied by B
(the same as B implies A). What does the internet say about modal logics? Do you think it is
a good or a bad idea to have ‘necessary’ and ‘sufficient’ as primitive terms?
Modal logics are discussed in Number, space and logic [Ad18].
Chapter XIII.
(A) A nuclear power plant has two processes. The probability of the first process failing is A
= a + (1 – a), and of the second failing is B = b + (1 – b). There is a 1/5th certainty that if
A fails then B will. What is the probability that A and B will happen together?
P(A  B) = (1 – a + ab) + (a – ab)
= (1/5) + (4/5),
so a = 4/[5(1 – b)] and
P(A & B) = ab + (1 – ab) = {4b/[5(1 – b)]} + {1 – 4b/[5(1 – b)]}.
Chapter XIV.
Prove the step-down equation for right nest operators of section 14.3
∀x, y, n x |n (y + 1) = (x |n y) |n-2 ( |n (y + 1)).
x |n-1 (x |n-1 ... (x |n-1 x))
for (y + 1) terms is
x |n-1 (x |n-1 ... (x |n-1 (1 + (x – 1))))
which is
[x |n-1 (x |n-1 ... (x |n-1 1))] |n-2 [x |n-1 (x |n-1 ... (x |n-1 (x – 1)))]
for (y + 1) terms, or
[x |n y] |n-2 [ |n (y + 1)]
which defines .
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Chapter XVI.
Show for a positive number a that
(ab)c = a(bc),
(aib)c = a(ibc),
(ab)ic = a(ibc),
(aib)ic = a(iwbc),
holds in general if and only if the same equations hold with the exponential number e
replacing a.
Show that this also holds when a is negative if and only if it holds for (-e).
For a positive, substitute a = ed. Then for negative values -a = (-1)a, so that if the axioms hold
for any a, they also hold for (-1) as a value of a.
Chapter XVII.
Develop a difference algebra which is the finite case of differentiation in section 17.11.
For further discussion, see Number, space and logic [Ad18].

18.18

REFERENCES
Ac67
Ad14
Ad15
Ad17
Ad18
Ar59
Ba01
1Be85
2Be09
BG11

Bh00
Bh04

BLW86
BM69
Bo73
Br80
Bu89
1BW93
2BW98
1Ca72
1Ca85
1Ca05
2Ca1859
1CG00
1CS03
3CLS96
4Co80
5Co63
5Co64
5Co66

R. Ackermann, An introduction to many-valued logics, Routledge, 1967.
J.H. Adams, Innovation in mathematics, www.jimhadams.com, 2014;
also on the free eBook site The Assayer.
J.H. Adams, Superexponential algebra, vols. 1, 2 & 3,
www.jimhadams.com, 2015; also on the free eBook site The Assayer.
J.H. Adams, New physics, www.jimhadams.com, 2017.
J.H. Adams, Number, space and logic, www.jimhadams.com, 2018.
E. Artin, Galois theory, Notre Dame, Indiana, 1959.
J. Baez, The Cayley-Dickson construction, online, 2001.
J.L. Bell, Boolean-valued models and independence proofs in set theory,
Oxford U.P., 1985.
D. Bernstein, Matrix mathematics, Princeton University Press, 2009.
D.C. Brody, and E-M. Graefe. On complexified mechanics and coquaternions.
Journal of Physics A: Mathematical and Theoretical 44.7: 072001,
doi:10.1088/1751-8113/44/7/072001, 2011.
M. Bhargava, The factorial function and generalizations. The American
Mathematical Monthly 107 (9): 783–799. doi:10.2307/2695734, 2000.
M. Bhargava, Higher composition laws I: a new view on Gauss composition,
and quadratic generalization. The Annals of Mathematics 159: 217–250.
doi:10.4007/annals.2004.159.217, 2004.
N.L. Biggs, E.K. Lloyd and R.J. Wilson, Graph theory 1736 – 1936,
Oxford UP, 1986.
G. Birkhoff and S. Mac Lane, A survey of modern algebra, 3rd edn.,
Macmillan, 1969.
N. Bourbaki, Algebra I, Hermann, 1973.
R. Brauer, Collected papers, vols. 1, 2 and 3, MIT Press, 1980.
D.M. Burton, Elementary Number Theory, Wm.C. Brown, 1989.
T. Becker and V. Weispfenning, Gröbner bases, a computational approach to
commutative algebra, Springer, 1993.
B. Buchberger and F. Winkler, eds. Gröbner bases and applications,
LMS 251, Cambridge U.P. 1998.
R. Carter, Simple groups of Lie type, Wiley, 1972.
R. Carter, Finite groups of Lie type, Wiley, 1985.
R. Carter, Lie algebras of finite and affine type, Cambridge U.P., 2005.
A. Cayley, On contour and slope lines. Phil. Mag. 18, 264 – 268, 1859.
J.H. Conway and R.K. Guy, The book of numbers, Copernicus books,
Springer, 2000.
J.H. Conway and D.A. Smith, On quaternions and octonions, A.K. Peters,
2003.
D. Cox, J. Little and D. O’Shea, Ideals, varieties and algorithms, 2nd edn.,
Springer, 1996.
J. Corcoran, Categoricity, History and philosophy of logic, 1, 187-207, 1980.
P.J. Cohen, The independence of the continuum hypothesis, Proc. Natl. Ac.
Sci. 50, p. 1143, 1963.
P.J. Cohen, The independence of the continuum hypothesis II, Proc. Natl. Ac.
Sci. 51, p. 105, 1964.
P.J. Cohen, Set theory and the continuum hypothesis, W.A. Benjamin, 1966.
18.19

CS66
CSM95
Da82
De65
Eb91
1Fr61
2Fr73
FT62
FT63
Ge75
Ge76
Gj1913

Gö40

Gr49
1He33
HKT08
HW79
IZ05

Je1859
1JL70
2JL09
K1831

Ka90
Ki96
Kl52
1La27

2La80
LS86

W.G. Chinn and N.E. Steenrod, First concepts of topology, The Mathematical
Association of America, 1966.
R. Carter, G. Segal and I. Macdonald, Lectures on Lie Groups and Lie
Algebras, LMS Student texts, Cambridge U.P., 1995.
H. Davenport, The higher arithmetic, Cambridge U. P., 1982.
J. Dettman. Applied complex variables, Macmillan, 1965.
Ebbinghaus et al., Numbers, Springer, 1991.
A.A. Fraenkel, Abstract set theory, 2nd. edn., North-Holland, 1961.
F.G. Frobenius, Gesammelte Abhandlungen, vols. 1, 2 and 3, Springer, 1973.
W. Feit and J.G. Thompson, A solvability criterion for finite groups and some
consequences, Proc. Nat. Acad. Sci. 48(6), 968-970, 1962.
W. Feit and J.G. Thompson, Solvability of groups of odd order, Pacific
Journal of Mathematics B: 775-1029, 1963.
S.S. Gelbart, Automorphic forms on adele groups, Ann Math Studies 83,
Princeton U.P., 1975.
S.S. Gelbart, Weil’s representation and the spectrum of the metaplectic group,
Lecture notes in mathematics, Springer, 1976.
B. Renschuch, H. Roloff, and G.G. Rasputin, Contributions to constructive
polynomial ideal theory XXIII: forgotten works of Leningrad mathematician
N.M. Gjunter on polynomial ideal theory,
www.sigsam.org/bulletin/articles/144/roloff.pdf.
K. Gödel, The consistency of the axiom of choice and of the generalised
continuum hypothesis with the axioms of set theory, Princeton University
Press, eighth printing, 1970.
W. Gröbner, Moderne algebraische Geometrie, Springer, 1949.
E. Hecke, Algebraische Zahlen, 1933.
J.W.P. Hirschfeld, G. Korchmáros and F. Torres, Algebraic curves over a
finite field, Princeton Series in Applied Mathematics, 2008.
G.H. Hardy and E.M. Wright, An introduction to the theory of numbers,
5th edn., Oxford, Clarendon Press, 1979.
S. Ivanov and S. Zamkovoy, Parahermitian and paraquaternionic manifolds,
Differential Geometry and its Applications 23, pp. 205–234, 2005.
math.DG/0310415 MR 2006d:53025.
G.B. Jerrard, An essay on the resolution of equations, Taylor & Francis, 1859.
H. Jaquet and R.P. Langlands, Automorphic forms on GL(2), Springer, 1973.
G. James and M. Liebeck, Representations and characters of groups,
Cambridge U.P., 2009.
M. al-Khowârizmi, Kitab al-jabr wa’l muqabala, tr. F. Rosen, Compendium on
calculating by compliation and reduction, 1831, digitised from University of
California library.
V. Kac, Infinite dimensional Lie algebras, 3rd edn., Cambridge U.P., 1990.
R.B. King, Beyond the quartic equation, Birkhäuser, 1996.
S.C. Kleene, Introduction to metamathematics, North-Holland, 1952.
E. Landau, Vorlesungen über Zahlentheorie, New York, Chelsea, 1927.
Second edition translated into English by J. E. Goodman, Providence RH,
Chelsea, 1958.
R.P. Langlands, Base change for GL(2), Springer, 1973.
J. Lambeck (ed.) and P.J. Scott, Introduction to higher order categorical logic,
Cambridge U.P., 1986.

18.20

1Ma71
2Ma1886
2Ma30
3Ma68
MB79
Mi14
Mö1887
Mo06
Ne1892
1No83

2No64
NZ60
Od89
OC12

Öz06
Öz09
PR-D08

Re89
1Ro69
2Ro84
2Ro10
Sh91
Se88
Se00
Se03
1Sm61
2Sm68
SS03
ST92
St04
Sz69
Ta07

A.I. Mal’cev, The metamathematics of algebraic systems, tr. B.F. Wells,
North-Holland, 1971.
G.B. Mathews, Theory of numbers, 1886, reprinted Chelsea Publishing.
G.B. Mathews, Algebraic equations, Cambridge U.P., 1930.
I.D. MacDonald, The theory of groups, Oxford Clarendon Press, 1968.
S. Mac Lane and G. Birkhoff, Algebra, 2nd edn., Macmillan, 1979.
J.S. Milne, Fields and Galois theory, www.jmilne.org/math/, 2014.
A.F. Möbius, Theorie der Elementaren Verwandtschaft, Gesammelte
Werke, 1887.
T. Mohaupt, New developments in special geometry, hep-th/0602171, 2006.
E. Netto, Theory of substitutions, Chelsea reprint.
E. Noether, Gesammelte Abhadlungen (Collected Papers), Springer, 1983:
with E. Brauer, Über minimale Zerfallungskörper irreducible Darstellungen.
Also Ableitung der Elementarteilertheorie aus der Gruppentheorie,
Jber. Deutsch. Math. 36, 104.
P.S. Novikov, Elements of mathematical logic, Edinburgh, Oliver and Boyd,
1964.
I. Niven and H.S. Zuckerman, An introduction to the theory of numbers,
John Wiley and Sons, 1960.
P. Odifreddi, Classical recursion theory, vol. I, Amsterdam, North Holland,
1989.
P. Odifreddi and S.B. Cooper, Recursive functions, The Stanford encyclopedia
of philosophy, 2012 (ed. E.N. Zalta),
http://plato.stanford.edu/archive/fall2012/entries/recursive-functions/.
M. Özdemir and A.A. Ergin Rotations with timelike quaternions in Minkowski
3-space, Journal of Geometry and Physics 56: 322–36, 2006.
M. Özdemir, The roots of a split quaternion, Applied Mathematics Letters
22:258–63, 2009.
A. Pogoru, and R.M. Rodrigues-Dagnino, Some algebraic and analytical
properties of coquaternion algebra, Advances in Applied Clifford Algebras,
2008.
R. Remmert, Theory of complex functions, Springer, 1989.
J.B. Rosser, Simplified independence proofs, Academic Press, 1969.
J. Rotman, An introduction to the theory of groups, 3rd edn., Allyn and Bacon,
1984.
J. Rotman, Advanced modern algebra, 2nd edn., AMS, 2010.
S. Shapiro, Foundations without Foundationalism: A case for second-order
logic. New York: Oxford University Press. ISBN 0-19-853391-8, 1991.
J-P. Serre, Oeuvres, vol. 4, 147. Groupes de Galois sur ℚ, 1988.
J-P. Serre, Trees, Tr. J. Stillwell, Springer, 2000.
J-P. Serre, Oeuvres, vols. 1, 2, 3 and 4, Springer 2003.
V.I. Smirnov, Linear algebra and group theory, McGraw-Hill, 1961.
R.M. Smullyan, First-order logic, Springer, 1968.
E.M. Stein and R. Shakarchi, Fourier analysis, Princeton U.P., 2003.
J.H. Silverman and J. Tate, Rational points on elliptic curves, Springer, 1992.
I. Stewart, Galois theory, 3rd edn., Chapman & Hall/CRC mathematics, 2004.
G. Gentzen, The collected papers of Gerhard Gentzen, ed. M.E. Szabo,
North-Holland, 1969.
T. Tao, Hilbert’s Nullstellensatz,
http//terrytao.wordpress.com/2007/11/26/hilberts-nullstellensatz/
18.21

Uh01
Ur12
1Wa90
2Wa07
1We1895
2We79
3We66
Wi09

F. Uhlig, Transform linear algebra, Pearson, 2001.
R. Urbaniak, Leśniewski’s systems of logic and foundations of mathematics,
Springer, 2012.
L.A. Wallen, Automated proof search in non-classical logics, M.I.T. Press,
1990.
J.J. Watkins, Topics in commutative ring theory, Princeton U.P., 2007.
H.M. Weber, Lehrbuch der Algebra, AMS Chelsea, vols. 1, 2 & 3, 1981.
A. Weil, Oeuvres scientifiques, vol. 1, p.127-128, 1979.
H. Weyl, Philisophie der Mathematik und Naturwissenschaft, R. Oldernbourg,
1966.
R.A. Wilson, The finite simple groups, Springer graduate texts, 2009.

18.22

INDEX
A
abelian 000.18, 01.1, 200.17, 300.17
absolute value 07.9
abstract 01.1
Ackermann’s function 14.8
addition 000.2, 3, 5, 18, 00.2, 4, 01.1, 7
matrix 01.7
nonstandard 01.2
additive format (polynomial) 000.5, 21, 200.5, 20, 09.3, 11.9-10, 300.20
adjoint representation 04.7
algebra 000.2, 200.2, 300.2
algebraic number 000.18, 200.17, 07.7, 10.2-3, 300.17
algebraically closed 12.9
algorithm 00.3, 14.1
QR 000.4, 200.4, 10.14, 11.19, 300.4
algorithmic thermodynamics 08.1
analysis, nonstandard 07.1
analytic continuation 07.14
angle, right 00.3
AND (&) 12.1-2, 5-6
antiassociator 15.7-8
anticommutator 15.7
antidiagonal 01.9
antidiscriminant 10.7-8
Archimedes 01.4
Argand diagram 01.8, 03.7, 07.9, 12
arithmetic, elementary 14.1
Artin, E. 18.4
associative 000.7, 18, 00.4, 01.1, 02.5, 03.1, 13, 15, 200.7, 17, 300.17
associator 17.7-8
Assayer, The 000.1
automorphism 12.8
combined 10.11, 11.7
group 000.19, 03.10, 200.18, 08.1, 10.12-14, 300.18
inner 000.19, 03.10, 200.18, 10.12, 300.18
outer 000.19, 03.10, 200.18, 10.12, 300.18
isolated 10.10, 13, 11.7
ring 000.19, 200.18, 10.1-5, 8-9, 11.7, 300.18
geometric 10.9
intricate 10.14
automaton 00.2
18.23

axiom 00.1, 03.1-2
of empty set 14.7, 15
of extended comprehension 03.2
of extension 03.2, 14.7, 15
of choice 200.3, 03.1-2, 12.1, 3-4
of foundation (or well-founding) 03.2, 14.16
of infinity 03.2, 14.16
of pairs 03.2, 14.7, 15
of power set 03.2, 14.16-17
of regularity 14.16
of restricted comprehension 03.2, 14.16-17
of separation 14.17
of union 03.2, 14.7, 16
Peano 03.3
axis, actual 15.13, 15
imaginary 15.13, 15
intricate 15.13, 15
phantom 15.13, 15
real 15.13, 15
B
baryon number 00.2
basis element 01.11
actual 000.20, 01.8, 200.19, 300.19
imaginary 000.20, 01.8, 200.19, 300.19
intricate 000.3, 000.20, 01.8, 05.1, 200.19, 300.19
hyperintricate 02.1-3
phantom 000.20, 01.8, 200.19, 300.19
real 000.20, 01.8, 200.19, 300.19
basis change 02.5-6
belongs to 000.18, 200.17, 300.17
bijection 07.1-3
bijective 000.19, 03.6, 200.18, 300.18
binomial theorem 14.10-11
complex 16.11
hyperintricate 15.1, 8-9
intricate 15.8
block 07.6
ideal of 07.5
Bohm, David 000.7, 200.7, 300.7, 18.4
method 16.10
Bott periodicity 05.12
Borchards-Kac-Moody algebra 04.5
bound 14.3
18.24

boundary 00.4
point 00.3
Brauer, E. 16.2
Bring-Jerrard polynomial 08.1, 6-7, 09.8, 11.10-12
Buchberger, Bruno 12.11
Buchberger’s algorithm 12.11, 10-17
C
category theory 000.7, 03.13, 200.6, 300.6
cardinal 07.2
cattle problem 01.4
Cantor 07.2
diagonal argument 07.2-4
cardinal 14.17, 22-23
Cartan integer 04.11
Cartesian product 07.1, 14.15, 19
Cayley-Dickson construction 05.4-5
Cayley-Hamilton theorem 200.5, 09.1, 6-7
certain 13.1
chain 12.8
charade 000.23, 200.22, 300.22
charm 00.2
Chinese remainder theorem (for eigenvalues) 000.6, 06.1, 14.9
Church’s thesis 14.13
class number 01.14
closed set 000.23, 00.3-4, 200.22, 300.22
coefficient 11.4, 7
leading 12.14, 16, 18
Cohen, P. 14.5
cohomology theory 02.5
colour force 00.2
set 14.1
commutative 000.18, 00.4, 01.2, 02.5, 200.17, 300.17
algebra 01.1
commutator 17.7-8
companion matrix 200.5, 09.6-7, 11.20
comparison method 11.12-15, 21-24
complex number 000.19, 01.1, 5, 03.11, 200.18, 07.9, 11-14, 08.3, 11.19, 21, 300.17, 15.1,
16.1, 17.1
imaginary part 01.8
operation, allowable 10.2
real part 01.8
root 07.1
zero algebra 03.4-5
18.25

comprehension, extended 03.2
restricted 03.2
compression 000.20, 02.2, 10-11, 200.19, 300.19
computation 000.6, 200.6
concrete 01.1
congruence arithmetic 000.4, 18, 03.15-17, 06.1, 200.17, 300.17
conjugate, diamond 04.2
intricate 000.20, 01.9, 200.19, 13.3, 300.19
left or right roll 04.3
consistency 14.1, 9, 16.1
constraint 11.4
continuous 0.12
continuum hypothesis (CH) 000.4, 200.4, 07.1-4, 300.4, 14.23
convex 16.1-4
coquaternion (intricate number) 000.3, 01.1, 200.3, 300.3, 18.2
coset 12.6
left 000.22, 03.8, 10, 200.21, 300.21
right 000.22, 03.8, 10, 200.21, 300.21
countable 200.4, 07.1-4
creative mathematics 000.1, 7, 200.1, 7, 300.1, 7
cube root of unity 01.14
cyclic 03.7
D
decision problem 14.12
deconstruction 000.23, 200.22, 300.22
degree of a polynomial 000.21, 200.20, 300.20
of freedom 03.6
derivative, intricate 15.13
Descartes 00.3, 01.5
determinant (norm) 000.20, 01.8, 02.6-17, 04.13, 06.1, 200.19, 11.19-20, 300.19, 15.1, 4
diagonal 01.9
argument 14.1
main 11.20
NOT 07.4
diamond operator 000.21, 04.1, 3, 200.20, 300.20
differential analogue 17.9-10
condition 08.9
dimension 01.3, 03.15
discriminant 10.6-7
distributive law 01.2, 02.6, 12
division algebra 000.21, 05.1, 4-5, 200.20, 300.20
associative 000.21, 03.1, 13-14, 200.20, 300.20
division 03.4
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multivariate 12.14
divisor 01.2, 12.4, 12
domain 12.3
integral 12.4
dual space 04.6
Dynkin diagram 04.10, 14
D1 exponential algebra 14.7-8
superexponential algebra 17.5
Dw exponential algebra 000.4, 19, 200.4, 18, 300.4, 18, 14.9-11, 15.1-3, 16.9-10, 17.1-6
E
eigenvalue 000.4, 20, 02.10, 05.7-8, 06.1, 6, 09.7, 11.2, 19, 22-24, 200.19, 300.19
eigenvector 000.20, 02.2, 10, 06.1, 200.19, 300.19
English language 000.6, 200.6, 300.6
entity (polynomial) 200.4, 18, 08.1, 11, 14
entropy 00.5
equality 03.2-3
equation 14.12
equivalence class 000.22, 00.4, 200.21, 300.21
relation 000.22, 03.2-3, 200.21, 07.2, 12.19, 300.21
Euclidean algorithm 12.11, 16, 14.9
Eudoxus (real, which are countable) numbers 000.18, 200.17, 07.4, 7, 300.17, 14.11, 15.3
Euler relation 01.6, 15.1, 3, 14.2-4, 6, 16.3-4, 11
Euler’s four-square identity 03.18
totient theorem 000.18, 06.1, 4, 6, 200.17, 300.17
evaluation, preferred 07.5-6
exact sequence 03.9-10
exercises 000.7, 01.13, 200.7, 300.7
exoctonion 000.21, 05.5, 200.20, 300.20
exnovanion 000.21, 05.8, 200.20, 300.20
expansion 02.2, 11
explanation 000.23, 200.22, 300.22
exponential algebra 000.4, 19, 200.18, 12.1, 300.18, 15.3
complex Dw 17.3
hyperintricate D1 16.10
hyperintricate Dw 16.1
intricate 16.5
JAF Dw 15.2
lower JAF D1 17.6
proposals A1 16.1
A2 16.1
A3 16.1
A4 16.1, 3-4
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B 200.4, 16.5-6
C 16.6
D1 200.4, 16.7-8, 17.1
D2 16.7
D3 16.7
D4 16.7
Dw 000.4, 19, 200.4, 18, 300.4, 18, 16.9-11
E1 16.8
E2 16.8
E3 16.8
exponentiation 000.2-4, 16, 00.4, 01.3, 200.2-4, 300,2-4
hyperintricate 000.4, 200.4
exquaternion 000.21, 05.1-2, 200.20, 300.20
exterior coefficient algebra 02.3-4, 13.7
E2 exponential algebra 14.8
E3 exponential algebra 14.8
F
false 12.10, 14.4
Feit-Thompson theorem 000.5, 03.1, 11, 19-20
Fermat’s little theorem 03.16, 06.1
for matrices 000.4, 06.1, 6, 200.4, 300.4
del Ferro, Scipione 01.5
fiber 03.8
bundle 000.5
field 000.5, 19, 03.3-4, 200.5, 18, 12.11, 300.5, 18
Fiore, Antonio 01.5
free 14.3
fundamental homotopy group 000.5
fundamental theorem of algebra 000.21, 02.11, 200.20, 07.1, 13-14, 300.20
fundamental theorem of arithmetic 03.15
function 000.7, 19, 03.1, 6-7, 200.18, 300.18
characteristic 14.4
codomain 14.16
continuous 07.13
domain 14.16
factorial 14.9
hyperbolic 12.2
image 14.16
linear 12.2
PR 14.5
trigonometric 15.2
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G
Galois theory 000.3-4, 200.3-4, 08.1, 16, 09.1, 10.1, 11.1, 12.1, 18.3-4
g.c.d. (greatest common divisor) (h.c.f., highest common factor) 06.4, 12.4
geometry 000.2, 3, 00.3, 01.6, 200.2
García, Dolores 000.8, 05.7, 07.1, 200.7, 300.7
Gauss 17.1, 5
Gaussian integer 03.21, 06.3, 08.2
Gentzen, G. 14.1
Gentzen completeness theorem 14.2
Gershgorin circle theorem 11.22
Gibbs, Tim 17.1-2
Giraud’s theorem 00.4
Gjunter, N.M. 12.11
Gödel, K. 14.1, 5
Gödel’s completeness theorem 14.2, 23-5
Gödel’s incompleteness theorem 14.2, 25
graph 01.11
Gröbner, Wolfgang 11.18
Gröbner basis 000.22, 200.5, 21, 12.1, 11-19, 300.21
algorithm 12.11, 16
minimal 12.19
reduced 12.18-19
Grothendieck, A. 12.1, 18.4
group 000.5, 19, 03.1, 7
abelian 03.7
alternating 03.11
conjugate 03.10
cyclic 03.7-8
dihedral 01.10, 03.9
generator 03.20
Lie 03.11
Monster 03.11, 04.14-15
pariah 03.11
permutation 03.7
sporadic 03.11, 04.14
symmetric 03.8, 10
theory 00.4, 03.7-11
Tits 03.11
H
Hamilton, William Rowan 01.6
h.c.f. (highest common factor) (g.c.d., greatest common divisor) 06.4, 12.4, 18, 23
heresy 200.4, 18.2
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Hermitian transpose 11.20
Hessenberg matrix 11.20-21
Hilbert, D. 14.2, 17.3
Hilbert basis theorem 200.5, 12.8, 15
Hilbert Nullstellensatz 200.5, 12.8-11
strong Nullstellensatz 12.10
weak Nullstellensatz 12.9-10
homomorphism, group 000.19, 03.9, 200.18, 300.18
ring 03.11-13
homology 000.23, 18.5, 200.22, 300.21
homotopy 000.5, 23, 05.12, 200.22, 300.22
Quillen 05.12
Householder transformation 11.21-23
hyperactual number 02.2
hyperanalytic 15.14-15
hyperbola 11.1
hyperduplicate number 000.4, 05.2, 200.4, 300.4
hyperinfinitesimal 07.7
hyperinfinity 07.7
hyperimaginary number 02.2
hyperintricate 000.2-5, 20, 02.1-3, 10-16, 03.1, 13, 06.1, 6, 200.2-4, 19, 300.2-4, 19
analysis 15.1
exponentiation
conjugate 000.20, 200.19, 300.19
number 15.12
part 09.3
representation 000.3, 12.5-6, 200.3
hyperphantom number 02.2
I
ideal 000.5, 22, 03.1, 200.21, 12.11, 14, 15, 300.21
domain, principal (P.I.D) 12.7
finitely generated 12.7
maximal 000.22, 200.21, 12.7, 300, 21
prime 000.22, 200.21, 12.7, 300, 21
principal 000.22, 200.21, 12.4, 300, 21
proper 12.5
two sided 03.13
identity 02.5, 03.8, 11
implies 000.19, 200.18, 12.2, 7, 300.18
includes 14.15
induction (recursion) 000.3, 03.3, 15, 07.2-3, 14.7
nonlinear 07.5
18.30

infinite 000.3
infinitesimal 000.4, 07.7-8
injective 000.19, 03.7, 200.18, 07.3, 300.18
Innovation in mathematics 000.2-3, 4, 15, 200.2-3, 07.8, 300.2-3, 18.1
insight 000.7, 200.6, 300.6
integer 000.18, 03.2, 200.17, 300.17
interior coefficient algebra 02.3-4
interlayer operator 000.21, 04.1, 200.20, 300.20
interpolation 13.1-5
intricate 000.3-4, 20, 01.1, 02.2-3, 200.19, 11-12, 15, 300.19, 18.2
basis element 000.20, 200.19, 300.19
conjugate 000.20, 01.9, 02.16, 200.19, 300.19
derivative 15.11
factorisation 000.3, 01.10
number 000.20, 200.19, 01.8, 13, 300.19
part 01.10
intuitionalism 00.3
inverse 01.7, 8, 02.5, 03.11, 15.3
function 03.7
hyperintricate 02.15
operation 15.6
involution, ring 03.1, 19-20, 200.5, 10.2
matrix 11.17
imaginary number 01.5
impossible 12.1
irreducible representation 14.11
isomorphism, group 000.19, 03.10, 200.18, 300.18
J
J 000.20, 01.11, 200.19, 300.19
J-abelian 000.3-4, 18, 02.13-16, 200.4, 09.15, 15.5, 14.10, 15.6
J-diffeomorphism 15.16
Jacobi identity 04.5, 05.2, 17.8
Jacobi’s theorem 03.19
Jacobson, N. 18.7
radical 000.20, 200.19, 300.19
Jordan-Hölder series 000.4, 200.3, 10.1
JAF format 000.5, 20, 01.11-12, 02.16, 200.19, 300.19, 15.4,
K
Kac-Moody algebra 04.14
al-Khowârizmi 01.1
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kernel 03.11
killing central terms 10.14, 11.1, 4, 8
Killing form 04.7-8
K-theory 000.5, 05.12, 200.5, 300.5
L
ladder algebra 000.4, 07.1, 5-7
analysis 000.4, 07.1
number 000.21, 200.20, 07.5-7, 300.20, 17.1
Lagrange’s four-square theorem 03.1, 18
Lagrange’s subgroup theorem 03.9
language, formal 14.2
layer 000.20, 02.1-4, 02.12-13, 15 03.13, 04.3, 200.19, 300.19, 14.8
l.c.m. (least common multiple) 06.4, 12.16-17
left roll operator 000.21, 04.1-3, 200.20, 300.20
Legendre 15.1
Leśniewski, 12.1
lepton number 00.2
L-series 15.1
Lie algebra 000.4, 04.5-14, 05.12, 200.4, 300.4
exceptional 05.12
Lie bracket 04.5-7
group 04.5
linear algebra 01.1, 3
combination 11.7
equation (simultaneous) 01.4, 06.1, 11.9
independence 01.8, 14, 02.5, 04.6
probability 12.1
programming 01.4
reflection 10.4-5
substitution 11.2, 4
transformation 11.8
line, straight 01.3, 01.4
log convex 16.4-6
logic 000.2, 4, 11.9, 200.2, 4, 300.2, 4
Boolean 13.5
first-order 12.1
intuitionalistic 13.5
n-ary 00.4, 07.6
second-order 12.3
symbolic 12.9
loop 07.10-12
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M
magma 000.19, 03.1, 7-8, 200.18, 300.18
mapping 000.7, 00.3, 4, 03.6, 200.6, 300.6, 14.16
bijection 14.16
epimorphism 14.16
good 14.19
injection 14.16
isomorphism 14.16
monomorphism 14.16
one-to-one 14.16
onto 14.16
surjection 14.16, 18
mathematics 00.1
matrices 000.2-4, 17, 01.1, 14, 03.8, 200.2-4, 11.19, 300.2-5, 15.4
analogue 17.7
antisymmetric 000.20, 02.4, 06.7, 200.19, 300.19
companion 02.16
Householder 11.21
Jacobian 15.14, 16
nilpotent 01.9, 14
orthogonal 11.22
similar 02.7, 11
singular 01.14
symmetric 000.20, 02.4, 06.7, 200.19, 09.8, 11.1, 300.19
trace 000.20, 200.19, 300.19
transpose 000.20, 02.4, 6, 04.4, 200.19, 300.19
unit diagonal 000.20, 200.19, 300.19
unitary 11.21
upper triangular 02.4, 11.20
matrix 01.8
column 01.7
row 01.7
Sylvester 10.7
maximal element 12.2
meaning 000.7, 200.6, 300.6
metric space 07.9
model 00.3, 03.4
nonstandard 03.5, 11.9
standard 03.4-9
theory 12.2
modifier function 04.5
modal logic 12.19
module 000.20, 200.19, 300.19
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monomial 000.22, 200.21, 12.2, 300.21
leading 12.17-18
morphism 000.7, 03.9, 200.6, 300.6
multifunction 13.8, 16.1
multinomial theorem 12.9
multiplication 000.2-5, 00.2, 4, 01.2, 200 2-4, 300 2-4
inverse 01.8
group 01.10
matrix 01.7
noncommutative 01.7
multiplicative format (polynomial) 000.21, 200.20, 09.3, 6, 11.9-10, 300.20
multizeros 000.19, 03.4-5, 200.18, 300.18
mZFC 03.1-2, 04.5, 07.3, 12.1, 14.1
N
necessary 12.19
negative number 01.2, 5
neutral element 15.6-7
nilradical 000.22, 200.21, 300.21
nonassociative 000.2, 04.5, 200.2, 300.2
noncommutation 000.2, 5, 200.2, 5, 300.2, 5, 14.1
group 03.1, 7
intricate 01.10
matrix 01.7, 10, 200.4
probability sheaf 12.7
nonconformal 15.15
non-singular 11.1
norm 000.21, 02.12-13, 200.20, 07.9, 300.20
normal subgroup 000.19, 03.10, 200.18, 300.18
NOT 12.2-3, 5-6, 14.4
novanion 000.4, 21, 00.2, 05.1, 5-12, 200.4, 21, 300.4, 21
algebra 000.4, 05.5-12, 200.4, 300.4
nullity 02.9
Nullstellensatz 200.5, 12.8-11
strong 12.10
weak 12.9, 11
number 00.1, 3
natural 000.3, 18, 03.2-3, 07.2-3, 200.17, 300.17, 14.7, 10
theory 14.5, 9
numeral 14.12
Arabic 17.1
New physics 000.5, 00.3, 18.1
Number, space and logic 000.3, 05.12, 200.3, 07.1, 300.3, 14.1, 18.1, 18
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O
obstruction 12.9
octonion 000.21, 05.4-5, 10, 200.20, 300.20
one 01.2
onesu 17.1
open set 000.23, 00.4, 200.22, 300.22
operation, elementary 02.8
operator, left nest 14.5
right nest 14.5
OR 12.1-3, 5-6
order, of a group 000.19, 03.1, 8, 200.18, 300.18
degree lexicographic (>deglex) 000.22, 200.21, 300.21
degree reverse lexicographic (>degrevlex) 000.22, 200.21, 300.21
lexicographic (>lex) 000.22, 200.21, 11.8, 12-13, 18, 300.21
monomial 12.15
partial 000.22, 200.21, 12.2, 300.21
total 000.22, 200.21, 12.2, 300.21
ordinal infinity 07.2, 5-7, 14.17, 19-22, 16.1, 4, 9
countable 14.22
orthogonal space 02.8
ℕ-choice 12.4
P
pair, ordered 01.11
partition 03.3, 8, 12.7, 14.5
Peano arithmetic 12.2-3, 14.2, 7
penticate number 01.14
permutation 03.7-8, 08.11, 10.12-13
philosophy 00.1
speculative 00.1
physics 000.5, 00.1-2
point 07.9
polymagma 000.19, 200.18, 300.18, 17.2-3
associative 17.3
crude 17.3
hypercube 17.3
nonassociative 17.3
polynomial 000.4, 07.13-14. 12.10-11
complex 200.5, 07.13
constraint 08.13
cubic 08.2-6, 09.13, 11.3-5, 16-19
degree 000.21, 200.20, 300.20
entity 000.22, 200.5, 21, 300.21
equation 11.4-5
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matrix 000.4, 200.4-5, 09.1-15, 300.4
monic 000.21, 200.20, 10.2, 300.20
multivariate 000.22, 200.21, 300.21
probability 13.5
quadratic 08.5, 09.10
quartic 08.4, 09.5, 11.5, 28-29
quintic 11.5, 8, 12-16, 29
reducible 07.13
ring 200.4, 10.3
sextic 11.5, 19-22, 29
unique representation 07.14
polyticate number 01.14
power 03.7
predicate 03.2, 12.1-2
calculus 14.2
prime number 000.18, 03.15, 06.4-5, 200.17, 11.5, 300.17
probability 13.1
exponential 13.1
hyperintricate 13.1
logic 07.5
multilinear 13.1, 3
sheaf 000.4, 200.4, 13.1, 300.4
proof 000.3-5, 200.3-5, 300.3-5
finite 07.5
proposal B 200.5
propositional calculus 12.9
Pythagoras theorem 01.6
Q
quadratic residue 06.2-3
quantifier 14.2, 4
quaternion 000.5, 21, 00.2, 03.1, 13, 05.1, 3, 10-11, 200.20, 11.15, 20, 300.20
quotient group G/S 000.22, 200.21, 300.21
R
Rabinowitsch trick 12.10
rank 02.9-10
rational number 000.18, 200.17, 07.1, 300.17
real (Eudoxus) numbers 000.3, 18, 01.8, 200.17, 300.17
recursion (sometimes induction) 000.3, 03.3, 15, 200.3, 07.7, 300.3
general (GR) 14.1, 12-15
primitive (PR) 14.1, 8-11
uncountable 07.6
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reflection 01.9-10
reflector, elementary 11.24
relation 14.17
relatively prime 14.9
remainder 12.12-15, 17-18
research project 000.1-2, 7, 200.1-2, 300 1-2
resultant 10.7
Riemann 000.7, 18.8
conjecture (or hypothesis) 000.3, 200.3, 300.3, 18.4
right roll operator 000.21, 04.1-3, 200.20, 300.20
ring 000.4, 19, 00.4, 03.1, 200.18, 11.2, 10, 12, 300.18
division 03.13
JAF 16.10
of complex numbers 03.11
of integers 03.11
of rationals 03.11
Noetherian 12.7-8
noncommutative 000.4, 10.2
polynomial 03.11
quotient 12.6
unital 000.19, 200.18, 300.18
root 000.4, 21, 07.1, 11-13, 200.20, 300.20
antiduplicate 000.21, 200.20, 08.1, 8, 10-11, 300.20
appended 200.4
composite zero 09.2
dependent 000.4, 19, 200.4, 08.1, 14-16, 10.1, 10-12
duplicate 000.3, 19, 200.18, 08.1, 9, 300.18
fundamental 04.7
hyperintricate 15.1
intricate 200.4, 15.6-8
independent 000.19, 200.18, 300.18
related 000.3
solo zero 09.2
of unity 09.4-6
zero 07.10, 09.2
rule 14.4
change of variables 14.4
equality 14.4
propositional calculus 14.4
specialisation 14.4
rung 14.11
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S
scalar 02.2, 5
product 000.18, 200.17, 11.24, 300.17
scheme 12.3
Schröder-Bernstein theorem 14.22
Schur multiplier 000.19, 03.191, 200.18, 300.18
form 11.22
second law of thermodynamics 00.5
segment, initial 14.18
semantics 17.4
sequence 14.10
sequent calculus 14.11
series, arithmetic 07.3
set 000.2-3, 18, 00.3, 03.1, 200.2-3, 17, 12.1-4, 300.2-3, 17, 14.2
antimony 03.2
closed 000.23, 200.22, 300.22
complement 000.18, 00.4, 03.1, 200.17, 300.17
empty 000.18, 03.1-2, 200.17, 300.17
finite 07.1, 4
infinite 07.1, 4
inclusion 000.18, 200.17, 300.17
intersection 000.18, 200.17, 300.17
multivalued 14.1
open 000.23, 200.22, 300.22
theory 12.1
transitive 14.19
uncountable 07.1, 4
union 000.18, 03.1-2, 200.17, 07.2, 300.17
universal 03.1
void 000.18, 03.2, 200.17, 07.1, 300.17
sheaf 11.1, 13.6-8
simple group 000.19, 03.1, 12, 200.18, 300.18
classification 03.10-11
singular matrix 000.20, 01.8, 03.21, 200.19, 300.19
solution by radicals 11.8, 18
of Nullstellensatz 12.8-11
solvability 000.3-4, 200.3-4, 300.3-4
constraint 11.4, 6
space 00.2-3
split product 000.21, 04.1, 4, 200.20, 300.20
split quaternion (intricate number) 000.3, 01.1, 200.3, 300.3, 18.2
S-polynomial 12.16-19
square of a number 03.16
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standard protocol 000.21, 200.20, 07.1, 5, 6, 300.20
statement 14.3
status, imaginary 10.10
real 10.10
Steenrod square operation 05.12
strict transfer principle 000.21, 07.1, 4-6, 200.20, 300.20
subformula 14.3
subgroup 000.19, 200.18, 300.18
sufficient 12.19
Superexponential algebra 000.1-2, 19, 200.1-2, 18, 300.1-2, 18
superexponentiation 000.2-4, 19, 00.4, 01.2, 200.2-4, 18, 07.7, 300.2-4, 18, 17.1-2, 4-5, 10
analogue 14.1, 17.10
binomial formula 15.2
differentiation 15.2
matrix
surjective 000.19, 03.6, 200.18, 300.18
Sylvester, J 18.1, 5
Sylvester’s law of inertia 11.1
symbol, relational 14.3
symmetry 01.9-10
of a square 01.9
of hyperobjects 02.4
syntax 000.7, 12.2-3, 14.2, 17.3
T
Tao, Terry 12.8
Tartaglia, Niccolò 01.5
Taylor series 15.1, 2
tensor product 02.12
term 14.12
tetration 17.2, 5
time 00.2
topology 000.23, 200.22, 300.22
totient 000.18, 200.17, 300.17
trace 000.20, 02.2, 12, 04.7, 200.19, 300.19
transformations 00.5
nonrigid 01.13
rigid 01.10
torn 01.13
transcendental number 07.8-9, 10.2-3
triangle 00.3
similar 01.6
triticate number 01.14, 18.6-7
true 07.5, 12.9, 14.4
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truth table 12.9, 13.1, 14.4
Tschirnhaus substitution 08.8-9, 10.8, 11.11
twisted intricate transformation 01.13, 02.5
twosu 17.1
U
ultrainfinity 03.4, 07.6, 12.11
unary operation 12.4
uncountable 07.6
continuum hypothesis 07.1, 3-4
unique 07.5, 14-15
unsolvability theorem 17.7-8
up-down theorem 17.1
V
valid 14.4
variable 01.3, 11.4-6
free 14.3
variety 000.3, 19, 200.18, 11.1-6, 8, 300.18
analogue 15.10
hyperintricate 200.5
vector 000.20, 01.5, 8, 02.2, 5, 200.19, 300.19
column 02.5
vector space 000.20, 02.5, 04.6, 200.19, 300.19
Venn diagram 00.3, 12.19
vertex 00.3
W
Weber, H.M. 18.2
Wedderburn’s little theorem 000.4, 03.1, 19-20, 200.4, 300.4
Weil, A. 18.4
conjecture 10.13
well-formed formula (wff) 14.3, 9, 24
well-ordering 000.22, 200.21, 12.2-4, 300.21, 14.17-19
principle 200.4, 12.2-4
Weyl group 04.8
Wilson’s theorem 17.1
winding number 000.21, 200.20, 07.1, 10-13, 300.20
Z
zero 01.2, 11.9
algebra 000.5, 19, 03.3-5, 200.18, 12.11, 18, 300.18
determinant 000.20, 200.19, 300.19
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locus theorem 12.8
polynomial 000.21, 200.20, 300.20
time 00.2
zeta function 000.3, 200.3, 300.3
ZFC 200.3, 12.1
Zorn’s lemma 200.4, 12.1-4
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